We discuss local and covariant dual BRST symmetry and its consequences in two-dimensional quantum electrodynamics (QED). With the help of BRSTand dual BRST charges, we explore the BRST cohomology of physical states in the quantum Hilbert space. The algebra between conserved and nilpotent BRST-and dual BRST charges leads to the existence of a BRST-extended Casimir operator. The Hodge decomposition theorem is expressed in terms of these operators which refine the BRST cohomology of the physical states.
The most well-known and well-studied example of gauge theories, endowed with first class constraints and representing a dynamically closed system of Dirac fields ψ,ψ and U(1) gauge(photon) field A µ , is the quantum electrodynamics (QED). The quantization of such a class of gauge theories requires addition of a gauge-fixing term to the gauge invariant Lagrangian. This spoils the local gauge invariance (unless some restriction on the gauge parameter is put from outside) as well as the unitarity of the theory [1] . To render the theory unitary, spinless but anticommuting Faddeev-Popov (anti)ghost fields are invoked. The gauge-fixing and Faddeev-Popov ghost terms, together, amount to reducing the number of degrees of freedom of gauge fields to two in 4D. The ensuing total Lagrangian density in the Feynman gauge
turns out to be invariant (δ B L B = 0) under a new, off-shell and nilpotent (δ 2 B = 0) BRST transformations (which include local gauge symmetries in some sense)
where b is the Nakanishi-Lautrup auxiliary scalar field, (anti)ghost fields (c)c are the anticommuting objects (c 2 = 0,c 2 = 0) and η is an anticommuting (η 2 = 0) space-time independent infinitesimal transformation parameter. It will be noticed that in contrast to the gauge-fixing term, the gauge field F µν = ∂ µ A ν −∂ ν A µ remains invariant under the above BRST transformation. Eventhough off-shell nilpotency is guaranteed for the individual fields due to equation (2) , the conformity between b = −∂ µ A µ and transformations (2) still requires equation of motion for the proof of nilpotency. One can get rid of the auxiliary field b from (1) and (2) by using equation of motion for b. The resulting BRST invariant Lagrangian density
is found to be invariant under the on-shell nilpotent transformations (2).
In the BRST quantization procedure, the first-class constraints in QED, namely; the canonical momentum Π A 0 = −(∂ · A) ≈ 0 as well as the Gauss law ∂ i E i − j 0 = −∂ 0 (∂ · A) ≈ 0 with j 0 = eψγ 0 ψ, turn up as the constraints on the physical states when one requires that the conserved (∂ 0 Q B = 0) and nilpotent (Q 2 
As the ghost fields are decoupled from the rest of the theory, the physical state condition with Q A also leads to the same constraints as the ones obtained with Q B . It can be seen that both these charges anticommute: Q B Q A +Q A Q B = 0 and hence the transformations :
Normally in the discussion of BRST cohomology, the exterior differential operator d is identified with Q B . However, there is no precise identification of adjoint(dual) differential operator d * in terms of some genuine physical symmetry of the Lagrangian and the existence of the corresponding nilpotent and conserved charge. As a consequence, the well-known Hodge decomposition theorem has no anologue in terms of BRST symmetry and some physical quantities connected with a given Lagrangian. The purpose of this letter is to shed some light on this aspect of BRST cohomology in two-dimensional QED in the language of the local and covariant symmetry properties of the Lagrangian (3).
It can be checked that besides Lorentz (and Poincaré) transformations, there is no other local and covariant transformation in 4D that can preserve the D'Alembertian ∂ µ ∂ µ of the ghost action. The story is quite different in 2D, however. It can be easily checked that under the following transformations 1
with ǫ µν ǫ µλ = −δ λ ν , the ghost action remains invariant. The key point is that in 2D, there exists a covariant transformation which preserves the D'Alembertian operator besides Lorentz and Poincaré transformations. This simple symmetry has far reaching consequences. For instance, under this symmetry transformation, the gauge-fixing term transforms to the gauge field term and vice-versa. In 2D, the gauge field is only electric field and the above mentioned symmetry (4) implies
We christen this symmetry as "dual" symmetry. The local and covariant dual BRST symmetry δ D can be derived from (2) by exploiting the substitution (4). For the Lagrangian density (3), these are juxtaposed as
It will be noticed that, whereas the gauge field E remains invariant under gauge BRST symmetry, it is the gauge-fixing term that remains invariant under dual BRST symmetry. In our discussion, the latter invariance emerges very naturally from the symmetry properties of the ghost action. Furthermore, it is worthwhile to point out that dual BRST symmetry is not the symmetry of the Lagrangian (3) (i.e., δ D L B = 0). In fact, the following "dual" Lagrangian density L D
remains invariant under δ D . It can be verified that the Dirac Lagrangian becomes now a pseudoscalar because of the transformation ∂ µ → +iǫ µν ∂ ν 2 . However, the transformation γ µ → ±iǫ µν γ ν still respects the Dirac algebra in two dimensions. As a consequence of the Noether theorem, the above dual symmetry of the dual Lagrangian leads to the following conserved current
which, in turn, produces the "dual" conserved charge as
What is the dual BRST symmetry of the original Lagrangian (3) ? The answer to this question can be given in the massless limit of the Dirac field. It is the following chiral symmetry of the Lagrangian L B (with m = 0)
which corresponds to the dual BRST symmetry because it can be seen that the gauge-fixing term remains invariant under the above transformations. Over and above, the following expression for the Noether current
leads to the same expression for the conserved charge Q D as given in equation (9) if we use the equation of motion for the photon
together with the anticommutativity ofc with the Dirac field ψ to obtain
It will be noticed that the identity iγ µ γ 5 = γ α ǫ αµ in 2D, is the root cause of the equivalence between expression for the conserved Noether currents in (8) and (13).
It is clear that the chiral BRST symmetry of the Lagrangian density L B (with m = 0) is equivalent to the "gauge" BRST symmetry of the "dual" Lagrangian density L D . Similarly it can be checked that the "chiral" BRST symmetry of L D (with m = 0) is equivalent to the gauge BRST symmetry of the Lagrangian L B . The two Lagrangians under discussion are related by the "duality" transformations (4) in the same way as the chiral symmetry transformations for the Dirac fields are connected by γ 5 transformations. Infact, a similar statement is valid in four dimensions too [2] . Thus, duality of the gauge field and gauge-fixing term and chirality of the Dirac fields of a given Lagrangian density, are inter-related. Now we turn to the discussions of BRST cohomology of two dimensional quantum electrodynamics. For this purpose, one has to first derive equal time canonical (anti)commutator brackets which leads to the BRST quantization of the system as (14)
All the rest of the (anti)commutators are zero. In particular, it is worth pointing out that the equal time commutator for the "coordinates" ([A 0 (x), A 1 (y)] = 0) and corresponding commutator for the conjugate "momenta" (viz., [∂ · A(x), E(y)] = 0) are zero. This enables one to compute the following anticommutator
which leads to the definition of BRST-extended Casimir operator W [3] . In the language of differential geometry, this operator is nothing but the Laplacian: 
Furthermore, it can be explicitly verified that the symmetry generated by W can be obtained from computing the anticommuator {δ B , δ D } acting on any field, present in the Lagrangian for the QED in two-dimensions. Now the BRST cohomology can be discussed in terms of the zero modes of the BRST harmonic operator W . It is evident that the symmetry transformations c → ic andc → i c define an anti-dual BRST charge analogous to the anti-BRST charge. The anticommutator between these two charges produce the same BRST-extended Casimir operator W as in (15). In supersymmetric topological field theories where Q B and Q D are identified with supercharges, the BRST-extended Casimir operator W turns out to be the dynamically inert Hamiltonian of the theory [4] .
Any state |ψ >, with ghost number zero, can be decomposed into a BRST harmonic state |ω > (W |ω >= 0, Q B |ω >= 0, Q D |ω >= 0), a BRST exact state |χ > and a dual BRST (or co-BRST) exact state |ϕ >:
which is the Hodge decomposition theorem. It is transparant here that all the operators of differential geometry corresponding to cohomological theories find their explicit form in terms of some physical quantities and symmetry properties of the Lagrangian density. Now the full BRST cohomology can be discussed in a cogent and consistent way [3] . One can always choose a gauge in quantum field theory in which a BRST exact state is also a dual BRST exact. In this situation, the physical state condition Q B |phys >= 0 (with j µ = eψγ µ ψ), implies the following constraints π 0 = −(∂ · A) |phys > = 0,
and its counterpart Q D |phys >= 0 leads to
It will be noticed that the latter two constraints (19) are nothing other than the constraints (18) in the dual space because the restrictions (19) can be obtained from the former-two restrictions (18) by the duality and chirality transformations.
To summarize, we have obtained the full BRST cohomology in terms of the nilpotent symmetries of the Lagrangian (3), generated by the BRST, dual BRST and BRST-extended Casimir operators. In the proof of conservation of Q D , one requires the axial vector current to be conserved in the massless limit of the Dirac fields. This is true because, unlike the chiral version of the Schwinger model Lagrangian density L S [5, 6] where there is a coupling between axial vector current and the U(1) gauge fields A µ
we do not have such a term in the Lagrangian density (3) . Thus, there is no problem of anomalies. In any case, the consistency and unitarity of the anomalous gauge theories in 2D have been established [5, 6, 7] from many different angles. We expect that the concept of dual BRST symmetry will refine and shed further light on the consistency of such theories in the framework of BRST formalism [7] . Similar studies can be made for the 2D non-Abelian gauge theories. However, the real upshot of the whole discussion is the application of dual BRST symmetry to 4D theories where the earlier attempts have met with nonlocal and noncovariant [8] and even non-nilpotent BRST formulations [9] . Our hope is that one can obtain a local and covariant dual BRST symmetry in four dimensional QED with two potentials (see, e.g., [2] ). All these issues are under investigation at the moment and results will be reported elsewhere [10] .
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